High order perturbative corrections to the determination of |V ub | from the P + spectrum in B → X u ν 
I. INTRODUCTION
The total rate for the decay B → X u ν provides a theoretically clean determination of the magnitude of the CKM matrix element |V ub | as a double expansion in powers of α s (m b ) and Λ QCD /m b [1] . However, to eliminate the background from B → X c decays, strong cuts on the final state phase space are required, which can complicate the theoretical analysis.
The kinematic regions in which cuts on the charged lepton energy E , hadronic invariant mass m X [2] and hadronic light-cone momentum P + = E X − | P X | (where E X and P X are the energy and three-momentum of the final state hadrons) [3] are strong enough to eliminate the charm background all correspond to the so-called shape function regime, in which the local OPE for the partial rate breaks down [4, 5] . However, in this region an expansion of the partial rate in powers of Λ QCD /m b in terms of non-local operators is still possible, and the matrix element of the leading nonlocal operator can be measured in B → X s γ decay.
At leading order in Λ QCD /m b , we can write
where i labels the decay, C i (ω) is perturbatively calculable, and the shape function f (ω) is nonperturbative, but universal in inclusive B decays. 1 It is convenient to eliminate the shape function altogether, and express integrated rates directly in terms of one another [5, 6, 7] .
For example, we can write
where P γ ≡ m B − 2E γ , E γ is the photon energy and ∆ ∼ O(Λ QCD ). This defines the weight function W (∆, P γ ), which can be calculated in perturbation theory. The O(Λ QCD /m b ) power corrections have been extensively discussed in the literature [8, 9, 10, 11, 12, 13] , and have typically been estimated to be below the 10% level for |V ub | [10, 11, 12] , although it has been argued that subleading four-quark operators may introduce significant uncertainties [11] .
The weight function W (∆, P γ ) has been calculated in fixed-order perturbation theory to O(α 2 s β 0 ) [7] . It is also known to next-to-leading-log order, O(α n s log n−1 m b /µ i ), where µ i ∼ Λ QCD m b is the typical invariant mass of the final state [10] , generalized in [14] . It 1 C(ω) can be further factorized into "hard" and "jet" functions; however, for our purposes we will not make this decomposition.
was shown in [7] that the O(α 2 s β 0 ) corrections to W (∆, P γ ) are substantial, and the same order as the O(α s ) corrections. Given the size of these corrections, it is important to study the convergence of the perturbative expansion.
In this paper we examine the behaviour of W (∆, P γ ) at higher fixed orders in perturbation theory. We work in the framework of the "large-β 0 " expansion, in which we calculate all terms of order α n s β n−1 0 [15, 16] . While there is no limit of QCD in which these terms formally dominate, this class of terms allows us to examine the asymptotic nature of perturbation theory, as well as giving an estimate for the size of perturbative corrections. We discuss the significance of these terms for the extraction of |V ub |.
II. BOREL TRANSFORMED SPECTRA AND THE WEIGHT FUNCTION
Since QCD has an asymptotic perturbative expansion, it is convenient to study the Borel transformed series B[ R](u) of a quantity R, where
The expansion for B[ R](u) has better convergence properties than the original expansion.
B[ R](u)
can in turn be used as a generating function for the coefficients r n
while the original expression R can be recovered from the Borel transform B[ R](u) by the inverse Borel transform
Singularities in B[ R](u) along the positive real u axis make the inverse Borel transform illdefined. These are referred to as infrared renormalons [17] , factorially growing contributions to the coefficients of the perturbative series, which lead to ambiguities of order (Λ QCD /m b ) n .
In physical quantities these ambiguities are compensated by corresponding ambiguities in the definition of higher-dimensional nonperturbative matrix elements in the operator product expansion of order Λ n QCD , which render the physical quantity unambigious.
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The Borel transform Eq. (4), in the large-β 0 limit, may be determined from the order α s term, r 0 , with finite gluon mass following [16] :
Here λ is the gluon mass and r ∞ is a constant. We have used the MS scheme with the renormalization scale µ set to the pole mass, m b . The terms G 0 (u)/u and r ∞ arise from the renormalization of the graphs involved.
The weight function W (∆, P γ ) is defined through the relation between the integrated B → X s γ photon energy spectrum and B → X u ν charged lepton spectrum,
where ∆ ∼ Λ QCD in the shape function region, and the normalization is the same as that used in [7] . Other definitions of W are possible, such as that used in [10] . As in [7] , we concentrate on the contribution to the B → X s γ spectrum arising from the operator
2 )m bsL σ µν F µν b R . While other operators also contribute to the spectrum, for the purposes of studying the convergence of the series and estimating the uncertainties from higher order terms in perturbation theory we will neglect their contribution and the mixing of these with O 7 . The factor of m 2 B /m 2 b pulled out of the relation arises naturally, and improves the behaviour of perturbation theory for W (∆, P γ ) [7] .
Defining the partonic partial rates
2 Although the renormalon cancellation has only been explicitly shown in some cases in the large-β 0 limit, it is assumed to hold away from this limit.
where
the leading order widths. The partonic variables
are related to the hadronic variables by
where Λ ≡ m B − m b , q is the momentum of the lepton-neutrino pair, n is a light-like four vector in the − q direction and v is the four-velocity of the B meson. Convoluting the partonic rate with the shape function to obtain the hadronic rates, we find
where the partonic spectra are expanded to leading order inx andp + respectively since in ), for which the last term in Eq. (12) does not contribute; therefore, we can write
where we have defined the integrated partonic rates calculated in perturbation theory,
and
dΓ u dp + dp + .
The corresponding quantities W , Γ p 77 and Γ p u are defined by subtracting the tree level contribution.
Calculating the parton level photon spectrum with a massive gluon is straightforward, and was done in [7] . Integrating the rate with a massive gluon over the endpoint region and performing the integral Eq. (7), we find the Borel transform of the integrated partonic rate:
Since the operator O 7 requires renormalization, the last line arises from the MS counterterm.
and g n are the coefficients of the expansion of G 0 (u) [16] 
The Borel transform of the differential photon spectrum away from thex = 0 endpoint was calculated in [18] . Integrating this result fromx = 0 tox = ∆ reproduces the ∆ dependent terms of our result, Eq. (16). (The ∆-independent terms depend on the virtual contribution and cannot be directly compared against [18] ).
The calculation of the Borel transform of the semileptonic partial rate Γ p u (∆) is significantly more involved than for B → X s γ. The Borel transform of the triple-differential B → X u ν spectrum was calculated in [19] . Rather than integrate this result over the appropriate phase space, we instead calculated the integrated rate Γ u (∆) for a massive gluon, and then performed the integral (7) . The result has the comparatively simple form
where ψ(u) = Γ (u)/Γ(u) is the digamma function.
The Borel transformed weight function is given by the difference between Eq. (19) 
where a ≡
The final result for the Borel transformed weight function is
where G 0 (u) is obtained from Eq. (17) and Eq. (18) .Eq. (21) is the main result of this paper.
The Borel transforms can be used to generate the O(α 
we can easily find the coefficients C 
Our results also agree with those in [7, 22, 23] .
III. RESULTS AND DISCUSSION

A. Renormalons and Borel Resummation
The leading renormalon ambiguity in both the photon and semileptonic spectra is 
where we have defined B The relevant quantity in determining |V ub | is the weight function convoluted with the B → X s γ photon spectrum, as in Eq. (8) . It is interesting to note that the integrated quantity can have a renormalon ambiguity that is not present in the weight function. In order to illustrate this we calculate the Borel transform of W 1 , which is renormalon free, convoluted with a simple model of the normalized B → X s γ spectrum,
where b = 2.5 and Λ = 0.77 GeV [10] . This is straightforward to obtain from Eq. (24):
where Γ(a, z) = 
We explicitly show the NLL, the next-to-next-to-leading logarithmic (NNLL) α . These results provide a useful check of our calculation, as they may be compared with the corresponding resummed expressions in SCET, obtained from [3, 10, 20, 21] . Setting µ i = m b (∆ − P γ ), we verify that the resummed LL and NLL contributions in the large β 0 limit, Eq. (28) and Eq. (29), are contained within the RG resummed NLL SCET result.
Finally, the renormalon in the weight function suggests that the dominant contribution to its perturbative expansion is from non-logarithmic terms. We can investigate this numerically by considering the leading logarithmic expansion away from the P γ → ∆ end point. Following [7] , we combine all known terms from Eq. 
as in [7] we find the following ratios of the logarithmic terms at each order in α s : From these results, we can make two observations. First, the renormalon ambiguity in the weight function is reflected in the rapid growth of the non-logarithmic terms, which dominate the perturbative expansion. However, this bad behaviour of perturbation theory is unphysical: in a consistent approach to O(1/m b ), the renormalon in the weight function will cancel with a corresponding ambiguity in the definitions of the subleading shape functions. This cancellation would be manifest if the subleading shape functions were consistently extracted from physical observables, but since they are currently modelled, no such cancellation is manifest. We will see in the next section that the estimated uncertainty in |V ub | from the factorially growing terms is small compared to other sources of error, so we will not attempt in this paper to absorb the renormalon ambiguity into subleading shape functions. These results do, however, underscore the fact that separating the bad behaviour of perturbation theory from the O(1/m b ) corrections is not a well-defined procedure.
Second, assuming the pattern in Eq. (30) continued to hold beyond the large-β 0 and NLL terms included here, it indicates that terms which are enhanced by more powers of log µ 2 i /m 2 b ∼ log(1/9) ∼ −2 do not dominate over terms with fewer powers of logarithms. Since the logarithmic terms do not suffer from renormalon ambiguities, and, therefore, no cancellation against the subleading operators is expected for these terms, this pattern should not change once subleading operators are consistently included. Thus, these results support the conclusion of [7] that fixed-order perturbation theory is more appropriate than a leadinglog resummation for the extraction of |V ub | (see also [24, 25] ). It is clear from the plots that the perturbative series for W (∆, P γ ) is not converging well, as was discussed in the previous section, due largely to the factorial growth of the constant terms in W (∆, P γ ). As we will discuss shortly, the results suggest that the optimal perturbative estimate is obtained by truncating the series at O(α expansion than the weight function itself, since at higher orders in perturbation theory W (∆, P γ ) is more singular at the endpoint of integration. Hence, to determine the effects of perturbative corrections on the determination of |V ub |, we must look at the perturbative expansion of Eq. (8) rather than that of W (∆, P γ ). For the purposes of estimating the size of higher order terms, we adopt the simple model of the normalized B → X s γ spectrum, Eq. (25) . We obtain Γ u (∆), the integrated B → X u ν l decay rate normalized to the tree level value,
shown in Table I . We include several more terms than are explicitly shown in Eq. (A3) to demonstrate that the series appears to converge up to O(α terms is approximately 0.5%, which is far smaller than the order 5% theoretical uncertainty in |V ub | from subleading shape functions, error in the b quark mass and other sources [10] .
IV. CONCLUSIONS
We have calculated the Borel transform of the B → X u ν P + spectrum and B → X s γ P γ spectrum to leading order in Λ QCD /m b , from which we determine the Borel transform of the weight function. The leading renormalon in W (∆, P γ ) is confirmed to be at u = 1/2, corresponding to nonperturbative corrections at O(Λ QCD /m b ). The α n s β n−1 0 terms are easily obtained from the Borel transform of the weight function and are given analytically to n = 5. We are able to resum logarithms of (∆ − P γ )/m b in the large β 0 limit of the weight function since the relevant terms in B[W (∆, P γ )](u) are renormalon free. However we show that integrating these terms over P γ introduces a renormalon. Comparing all known terms in the perturbative expansion of the weight function, we find no numerical enhancement of leading logarithms, suggesting that fixed-order perturbation theory is more appropriate than a leading-log resummation.
From our results we estimate the size of higher-order perturbative corrections on the extraction of |V ub | using a model for the B → X s γ photon spectrum. We have shown that Γ u (∆) begins to diverge beyond O(α 
